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Compliant journal bearings are commonly used to support radial loads at extreme operating 
speeds and conditions where conventional bearings cannot operate. The journal and bearing 
system are supported by a thin lubricant film (gas) due to the hydrodynamic pressure 
distribution. To predict the bearing performance parameters, the compressible Reynolds equation 
is solved based on Infinitely Long Approximation (ILA), Finite Analysis (FA) and a new 
Modified Parabolic Approximation (MPA). The MPA method reduces the classical Reynolds 
equation to an ordinary differential equation. Appropriate equations and numerical solution are 
developed for treating a compressible Reynolds equation using MPA.  
A series of parametric study is presented to validate the new method. This method can be 
extended to study the dynamic characteristics of a gas bearing considering the non-linearity of 





Chapter 1. Introduction and Literature Review 
Compliant journal bearings popularly known as foil bearings have gained significant attention in 
recent years because of their unique mode of operation and diversity of applications. These types 
of bearings have various advantages compared to the conventional rigid journal bearings in terms 
of higher load carrying capacity, lower power loss, better stability, and greater endurance. These 
bearings are self acting, and can operate with ambient air or any process gas as the lubricating 
fluid. The need for complex lubrication systems is eliminated, which result in significant weight 
reduction and lower maintenance. The most common lubricant used is air which is available 
abundantly and can operate at elevated temperatures whereas conventional oil-based lubricants 
fail since their viscosity drops exponentially with rise in temperature.  
Air foil bearings are now being used in industries ranging from computer hard drives, 
spindles in textile industry (Rao et al., 1996), cryogenic turbo compressors, and high speed 
aerospace rotating machinery. In fact a successful test of a mesoscopic scale turbojet engine 
simulator has already been carried out with miniature air foil journal bearings (Salehi et al., 
2004). These bearings are of importance in the aerospace industry with regards to reduction in 
weight as well as operating under extreme conditions.   
Figure 1 represents the configuration of a first generation foil journal bearing (Dellacorte et al., 
2000). It is comprised of an outer bearing sleeve or outer housing which houses the corrugated 
series of bumps on a thin foil strip and over the bump foil strip a thin smooth top foil sheet is 
laid. These foils are welded at one end (leading edge) and are free at the other (trailing edge). 
The series of bumps in the strip supports the top foil sheet and acts as a spring bed which makes 
the bearing compliant (Fig 2). The journal has an interference fit in the bearing with clearance 
being almost nil (Radil et al., 2002). The journal and the foils are in contact when the journal is 
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stationary and remain in contact until a critical lift-off speed is achieved, at which point the 
journal rides on a thin gas film developed due to the hydrodynamic pressure between the journal 
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Figure 2: Schematic Configuration of Top and Bump Foils 
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and the bearing. Under the action of pressure, the top foil tends to deform, forcing it away from 
the shaft towards the bump strip which acts as a spring bed for the top foil sheet.  
The hydrodynamic pressure developed varies with operating speed and has a significant 
influence on the deformation of the foils. Hence, the film thickness is function of hydrodynamic 
pressure and the elastic properties of the foils (Heshmat et al., 1983, Heshmat, 1994). An elasto- 
hydrodynamic analysis should account for the above parameters and also the compressibility of 
the lubricant. (Walowit et al., 1975, Gross et al., 1980, Hamrock, 1994, Khonsari and Booser, 
2001, Peng and Khonsari, 2004). 
The elastohydrodynamic analysis was reported for thrust type foil bearings using a 
coupled finite element and finite difference methods (Heshmat et al., 2000). In the case of 
compliant journal bearings the study of hydrodynamic behavior was reported by Heshmat et al., 
(1983) where the authors solved the Reynolds equation using the Newton-Raphson method and 
reported the effect of various structural, geometrical and operational variables on the bearing 
behavior. Also, estimation of load capacity for foil journal bearing was made using a “Rule of 
Thumb” by Dellacorte et al., (2000). This was based on the first principles and data available in 
the literature and it relates bearing load capacity to the bearing size and speed through an 
empirically-based, load-capacity coefficient. It reported that the “first generation” compliant 
support elements have a relatively low load-carrying capacity compared to the more advanced 
ones developed by Heshmat (1994) which achieved a breakthrough load-carrying capacity of 
670,000 Pa at 59,700 rpm. This advanced design, which is referred to as the “third generation”, 
has unique compliant support elements where the elastic structural properties are modified with 
the use of multi-stage bumps and advanced solid lubricant coating. This design showed overall 
improvement of bearing performance at higher speeds, including a better load-carrying capacity. 
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The radial clearance in compliant journal bearings also represents a very important parameter 
whose effects lead to the overall performance of the bearing. Radil et al., (2002) reported a series 
of tests on two “third generation” type bearings with different radial clearances. They provided 
information on determining an optimum clearance for a bearing to perform well in terms of load-
carrying capacity as well as for preventing bearing seizure due to thermal effects.  
A steady state finite elastohydrodynamic analysis considering the compressibility of the 
lubricant and bearing compliance was reported (Peng and Khonsari, 2004). The authors reported 
the method of modeling and computational analysis by using an arithmetic mean pressure along 
the axial direction of the bearing. Reported analysis were in good agreement with the 
experimental analysis (Strom, 1987) for a range of operating speeds and different generation 
bearings. Also, by coupling the energy equations the analysis were further extended to 
thermohydrodynamic analysis to understand the thermal effects of the bearing at various 
operating speeds (Peng, 2003). 
Various published literature (Ku et al., 1992, Heshmat et al., 1994) showed that 
compliant journal bearings are able to handle greater loads with improvements in the compliant 
support structures. Also, the use of advanced solid lubricants (Dellacorte et al., 2000) not only 
enhanced the operation of the bearings during the start up and shut down cycles but also 
provided frictional damping for the elastic structure.  
A lot of work has also been reported on understanding the stiffness and damping 
characteristics of the bearing. By coupling the structural and fluid equations (Peng et al., 1993), a 
perturbation technique was used to obtain the linearized dynamic coefficients equations and a 
finite difference formulation was developed to solve for the four stiffness and four damping 
coefficients. Kim and San Andres (2005) used an exact advection model to solve the PDEs for 
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the zeroth and first order pressure fields to obtain the static and dynamic force characteristics of 
the “first generation” foil bearings.  
Further extension of hydrodynamic analysis to transient cases is needed to better 
understand the dynamics of the foil bearings (Czolczynski, 1999).  
The aim of this thesis was to come up with a simplified approach to predict the bearing 
performance parameters. First, the bearing performance parameters were evaluated using an 
infinitely long approximation and the results are compared to experiments reported (Strom, 
1982). Next, we have formulated entirely new set of Reynolds equation using a modified 
parabolic approach along the axial direction where in the finite Reynolds equation is converted to 
an ODE which considers the compressibility effects. This method was first carried out for 
incompressible flows (Ettles and Shelly, 1970) and has been widely used to understand the 
dynamic characteristics of the bearing (Singhal and Khonsari, 2005, Singhal, 2004). The new set 
of equations were solved numerically and compared with numerical simulations using a finite 
approximation (Peng and Khonsari, 2004) for rigid bearings and compliant bearings.  This 
method saves valuable computational time and can be further extended to transient analysis to 









Chapter 2. Mathematical Model 
2.1  Derivation of Standard Reynolds Equation for Journal Bearings 
For any type of journal bearing systems the most accurate way of predicting the performance 
parameters is to solve for the lubricant flow equations obtained from the Navier-Stokes 
relationships. But the computational costs involved can be very high when variations in viscosity 
and flexibility of outer bearing sleeves are considered. Hence instead of the full solution, 
accepted approximate methods are obtained by solving for the lubricant flow using the two 
dimensional classical Reynolds equation. Reynolds equation reflects tremendous insight by 
Osborne Reynolds into fluid behavior in bearing lubricant films, and is responsible to giving 
birth to science of hydrodynamic lubrication (Khonsari and Booser 2001). Solution of the 
classical Reynolds equation enables one to determine the pressure distribution in a bearing with 
an arbitrary film shape. Once the pressure profile is evaluated the important bearing parameters 
such as the load-carrying capacity, friction force, flow rates etc., can be easily obtained.  
The following assumptions are made in deriving the Reynolds Equation (Khonsari and Booser 
2001). 
1. Fluid is assumed Newtonian, with direct proportionality between shear stress and 
shearing velocity; 
2. Inertia and body forces are assumed to be negligible compared to the viscous terms;  
3. Variation of pressure across the film is assumed to be very small; 
4. Flow is laminar; and  
5. Curvature effects are negligible. 
Figure 3, Indicates a three dimensional slider bearing configuration with a film gap of 
. The top plate and bottom plate are considered to undergo a sliding motion  ( ) ( )yxhxh ,= aU
 6
and . A normal squeeze motion may exist in the  direction. The squeeze components are 













Figure 3: Schematic of Slider Bearing (Khonsari and Booser, 2001) 

















p µ          2.1.1 

















p µ          2.1.2 





p  Variation of pressure across the film is considered to be very small. 2.1.3 
Integrating equations 2.1.1 and 2.1.2 twice with the following boundary conditions: 
At , 0=z aa wwvUu === ,0,  
At ,        2.1.4 hz = bb wwvUu === ,0,
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       2.1.5 
Equation 2.1.5 represents the velocity profile which is composed of the Poiseuille term due to the 










)         2.1.6 
Equation 2.1.6 represents the flow velocity in the direction. It represents the velocity profile of 
the fluid leaking out on the sides of the slider bearing.  
y
Volumetric flow rates in the direction of sliding and leakage flow rates can be determined by 
integrating equations 2.1.5 and 2.1.6 across the gap respectively. 
• Conservation of Mass 
For compressible flows the general equation for conservation of mass is: 



















ρρρρ        2.1.7 
Integrating equation 2.1.7 across the film thickness yields: 
























ρρρρ      2.1.8 













































































































            2.1.10 
Neglecting the stretch terms, density wedge and the local expansion terms equation 2.1.10 
reduces to a simplified final Reynolds equation which is widely used for most applications. 






































)    2.1.11 
For a journal bearing configuration as represented in Figure 4, the bearing sleeve is fixed and the 











Figure 4: Schematic of a Journal Bearing  
0,0 == aa wU  and 0,0 ≠=≠= wwUU bb      2.1.12 
The final Reynolds equation is of the form: 
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     2.1.13 
With this equation the bearings hydrodynamic pressure distribution can be obtained. It accounts 
for both the physical wedge and pressure generation capability due to normal approach of 





















Chapter 3. Journal Bearing Approximation Methods 
3.1 Infinitely Long Approximation (ILA) 
3.1.1 Compressible Reynolds Equation in One Dimension 
In this type of approximation the journal bearing length is considered to be infinitely long and 
the pressure along the axial direction is considered to be a constant. The Reynolds equation 
























        3.1.1.1 
where x  represents the circumferential direction of the bearing  
In polar co-ordinates: 


























       3.1.1.3 






































































































ωµ  represents the bearing number or the compressibility number     3.1.1.9 
For a rigid gas bearing, the functional form of the film thickness is represented as: 
θcosrr eCh +=          3.1.1.10 
In dimensionless form it is represented as: 
 






hh rrrr == ε,       
 




)1(cos −++= peCh ff αθ          3.1.1.12 
 
In dimensionless form (Radil et al., 2002) is represented as,  
 























f       3.1.1.14 
 
α  represents the compliance number (Heshmat et al., 1983, Walowit et al., 1975).  
 
From equation 3.1.1.13 the film thickness is not only a function of the eccentricity ratio 
as in the case of rigid bearings, but it is also the function of the hydrodynamic pressure which 
deform the top and lower bump foils. This is a unique feature with regards to the operation of the 
compliant journal bearings. With this feature, normally compliant journal bearings operate with 
eccentricity ratios that can be greater than one and still maintain a positive film thickness. This is 
due to the deformation of the top and bump foils by the developed hydrodynamic pressure which 
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creates a higher overall clearance compared to original clearance dimensions, when the bearing 
is not operating. Hence, the shaft moves towards the minimum film thickness as the foils deform.  
3.1.2 Numerical Procedure (ILA) 





























































































































































2 13      3.1.2.3 
The appropriate boundary conditions are: 
 
1=p   at  .0=θ           
 
1=p   at πθ 2=        3.1.2.4 
The above non-linear differential equation with appropriate boundary conditions is solved using  
 































































11 312  3.1.2.5 
By assuming an initial guess value from solving the incompressible Reynolds equation 
for the dimensionless pressure ip . The above equation (3.1.2.5) is solved for pressure iteratively 
using the tridiagonal approximation method (Ferziger et al., 2002, Gerald et al., 2002, Patankar., 
1980).  Two hundred grid points were employed along the circumferential direction and under 
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relaxation was used to achieve convergence with rigid tolerances. The under-relaxation between 
successive iterations is given by the formula: 
( ) nrnrn ppp αα −+= ++ 111         3.1.2.6 
where rα  is the under-relaxation factor and is the iteration number, n rα = 0.99 was typically 
used.  














Figure 5: Rigid Bearing and Compliant Bearing Mode of Function. 
The next part is to couple the hydrodynamic pressure and the foil structural compliance, 
which has a direct effect on the overall behavior of the fluid film profile. This is incorporated in 
an iterative scheme. Recalling equation (3.1.1.13), the film thickness fh  is a function of the 
dimensionless pressure. As the top and bump foils deform due to the pressure, the shaft moves in 
the direction where there is maximum deformation (Fig. 5) and hence there is a significant 
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change in the eccentricity ratio fε  and attitude angle fφ  which further changes the overall 
profile of the film thickness. This is not accounted for in the equation (3.1.1.13). 
Hence to account for this the modified form of the film thickness equation is used (Peng and 
Khonsari, 2004): 
)1()cos(1 −+∆−+= ph ff αϕθε        3.1.2.7 
εεε ∆+= rf  (Peng and Khonsari, 2004)      3.1.2.8 
where fε  is determined by bisection method by assuming that the minimum film thickness  
in a rigid bearing and the corresponding minimum film thickness in a foil bearing  is the 
same and that 
rhmin
fhmin
ϕ∆  represents the difference in the attitude angle for a rigid bearing rφ  and 
compliant bearing fφ . The effect of the hydrodynamic pressure on the film thickness profile was 
determined iteratively by employing the method of under relaxation. The final film thickness is 
obtained as follows (Peng and Khonsari, 2004): 
)1()cos(11 −+∆−+=+ nnnf
n
f ph αϕθε       3.1.2.9 
where  is the number of points used along the circumferential direction (two hundred).  n
The under-relaxation between successive iterations is given by the formula:  
( ) nfrhnfrhnf hhh αα −+= ++ 111        3.1.2.10 
where rhα  represents the under-relaxation factor for the fluid film. Typically rhα  varies from 0.7 
to  0.95 depending on the eccentricity ratios and operating speeds.  
• Load Carrying Capacity 
Once the dimensionless pressure is calculated, the load-carrying capacity can then be calculated 
by integrating the positive pressure profile (Khonsari and Booser, 2001). 
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pp =⇒=       3.1.2.13 
22
zxf WWW += ,  also RLp
WW
a
f =       3.1.2.14 






=ϕtan      3.1.2.15 
Hence  RLpWW af=  represents the load carrying capacity of the foil bearing. 3.1.2.16 
Finally the Simpson’s rule was employed for numerical integration to determine the load 
carrying capacity of the bearing.  
3.1.3 Bearing Performance Parameters (ILA) 
Figure 6 represents the pressure profile comparison between a rigid bearing and a first 
generation foil bearing whose properties are indicated in Table 1 (Peng, 2003).The operating 
speed is 30,000 rpm. The lubricant used is air whose properties are indicated in Table 2 (Peng, 
2003). Note that the rigid bearing of equal dimensions and same lubricant properties and 
operating speeds are assumed for comparison. The pressure profile for the foil bearing is spread 
over a larger area compared to its rigid bearing counterpart resulting in a greater load carrying 
capacity.  
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Figure 7 represents the film thickness profile comparison between a rigid bearing and a 
compliant bearing. The overall film profile for a foil bearing spans over a greater area due to the 
deformation of the foils. The program converged with a minimum film thickness equivalent to 
10 µm ( , ) attitude angle of foil bearing fhmin rhmin fφ =36
0 and that of rigid bearing rφ = 42.3
0 
with a total load carrying capacity equivalent to 130 N. The results obtained are comparable with 
the set of experiments run (Strom, 1987).  
Table 1: Generation 1 Compliant Bearing Data (Peng, 2003) 
Radius of Shaft ( R ) 19.05×10-3 m 
Bearing Length ( ) L 38.1×10-3 m 
Nominal Radial  Clearance (C ) 50×10-6 m 
Top Foil Thickness ( ) ft 0.1016×10
-3 m 
Bump Foil Thickness ( ) bt 0.1016×10
-3 m 
Bump Pitch ( ) s 4.572×10-3 m 
Bump Length ( ) l2 3.556×10-3 m 
Bump Foil Youngs Modulus ( E ) 200 ×109 Pa  
Bump Foil Poisson’s Ratio (ν ) 0.31 
   
  Table 2: Lubricant Properties (Air) (Peng, 2003) 
Viscosity  (µ) 184.6×10-7 N.s/m2
Density (ρ0) 1.1614 kg/m3
 
Figures 8 and 9 present the pressure profile and film thickness profile comparison 
between a rigid bearing and first generation foil bearing run at 45,000 rpm respectively. The 
program converged with a minimum film thickness of 9.5 µm ( , ). Attitude angle fhmin rhmin fφ = 
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300 and that of rigid bearing rφ = 35
0 with a total load carrying capacity of 210 N. These are 
comparable to experiments reported by Strom (1987).  
 
Figure 6: Pressure Profiles for Rigid and Compliant Bearing at 30,000 rpm. 
 
Some unique features with regards to the operation of the foil bearings is to have 
eccentricity ratios greater than one. In the case of rigid bearings eccentricity equivalent to 
clearance will result in the contact between the journal and the bearing leading to seizure. But in 
the case of the foil bearings the clearance value changes depending on the operating speeds and 
design of the bump and top foils. The attitude angle in the case of foil bearings is less compared 
to its rigid bearing counterpart, which is thought to enhance the overall stability of operation 
(Peng and Khonsari, 2004). The numerical code developed was further tested to understand the 
performance parameters of the bearing at very high Λ (Peng and Khonsari, 2004). The maximum 
rpm which could be simulated was around 500,000. A numerical difficulty encountered was 
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waviness of the pressure at very high bearing numbers (Kawabata, 1987). The analysis trends 
indicated that the load carrying capacity flattens out after a certain rpm range.  
 
Figure 7: Film Thickness Profiles for Rigid and Compliant Bearing at 30,000 rpm. 
 
 























3.2 Finite Analysis 
3.2.1 Compressible Reynolds Equation in Two Dimensions 
The standard Reynolds equation (2.1.13) is considered by neglecting the time variant. The 
solution to this equation is obtained by considering a bearing with finite length and other 
dimensions. This approximation represents the most accurate method to predict the performance 






































      3.2.1.1 
In polar coordinates: 
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=ρ           3.2.1.4 
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     3.2.1.6 
 

















































































































































































   
 
             3.2.1.9 
 
            
Assuming an isothermal and isoviscous case where 1=T  and 1=µ . 














































ωµ represents the compressibility number or the bearing number. 
Equation 3.2.1.10 represents the standard compressible Reynolds equation in two dimensions. 
For a rigid gas bearing, functional form of the film thickness is represented as: 
θcosrr eCh +=          3.2.1.11 
In dimensionless form it is represented as: 
 




hh rr =  and C
er
r =ε      
 







)1(cos −++= peCh ff αθ         3.2.1.13 
 
In dimensionless form (3.2.1.13) is represented as,  
 























f      3.2.1.15 
 
α  represents the compliance number (Heshmat et al., 1983, Walowit et al., 1975) 
 
From equation (3.2.1.14) the film thickness is not only a function of the eccentricity ratio 
as in the case of rigid bearings but it is also a function of the hydrodynamic pressure which 
deform the top and lower bump foils. This is a unique feature with regards to the operation of the 
compliant journal bearings. With this feature normally compliant journal bearings operate with 
eccentricity ratios being greater than one and still maintain a positive film thickness. This is due 
to the deformation of the top and bump foils by the developed hydrodynamic pressure which 
creates a higher overall clearance when compared to original clearance dimensions when the 
bearing is not operating. Hence the shaft moves towards the minimum film thickness as the foils 
deform. 
3.2.2 Numerical Procedure (FA) 
 Equation 3.2.1.10 is a non-linear equation and hence a numerical solution of the pressure must 






































It is expanded as follows: 
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phhhppphpphp    3.2.1.16 



















































































phhp        3.2.1.18 
Combining the above equations as A+B=C 














































































































































































































2 1133   
3.2.1.20 
Rearranging terms 



























































































































Equation 3.2.1.21 represents the similar form of Poissons equation but the R.H.S of the 
equation is the non-linear function of the hydrodynamic pressure. This equation is normally 
solved by the Liebmann method or the successive over relaxation method “S.O.R” (Gerald et al., 
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           3.2.1.24 
Simplifying L.H.S and R.H.S and considering the method of S.O.R   
 


























































































           3.2.1.25 
The solution begins by evaluating the R.H.S of the equation 3.2.1.25 by an initial guess 
pressure jinp ,  by solving for an incompressible bearing with an assumed rigid bearing 
eccentricity ratio rε  and an initial guess for the film thickness jih , . This is done iteratively until a 
convergence of the pressure is achieved for a given film thickness. Convergence is achieved 
when the relative error between two successive iterations fall below a specified value. One 
hundred finite difference grid points along the circumferential direction and twenty grid points 
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along the axial direction were chosen based on the grid refinement study and available literature 
(Peng and Khonsari, 2004).  
The next part is to couple the hydrodynamic pressure and the foil structural compliance 
which has a direct effect on the overall behavior of the fluid film profile. This is incorporated in 
an iterative scheme. Recalling equation (3.1.1.13), the film thickness fh  is a function of 
dimensionless pressure. As the top and bump foils deform due to the pressure, the shaft moves in 
the direction where the deformation is maximum (Fig 5) and there is a significant change in the 
eccentricity ratio fε  and attitude angle fφ , which further changes the overall profile of the film 
thickness. This is not accounted for in the equation (3.1.1.13). Hence, to account for this the 
modified form of the film thickness equation is (Peng and Khonsari, 2004): 
)1()cos(1 ,, −+∆−+= jifjif ph αϕθε       3.2.1.26 
εεε ∆+= rf  (Peng and Khonsari, 2004)      3.2.1.27 
where fε  is determined by bisection method by assuming that the minimum film thickness  




ϕ∆  represents the difference in the attitude angle for a rigid bearing rφ  and compliant 
bearing fφ . The effect of the hydrodynamic pressure on the film thickness profile was obtained 
by employing the method of under-relaxation. The final film thickness is obtained in an iterative 









ph αϕθε       3.2.1.28 
where  is the number of points used along the circumferential direction (one hundred).  n














1 αα −+= ++        3.2.1.29 
where rhα  represents the under-relaxation factor for the fluid film. Typically rhα  varies from 0.3 
to 0.5 depending on the eccentricity ratios and operating speeds. 
• Load Carrying Capacity  
Once the dimensionless pressure profile is obtained, the load-carrying capacity can then be 
calculated (Khonsari and Booser, 2001). 
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pp =⇒=       3.2.1.32 
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zxf WWW += ,  also RLp
WW
a
f =       3.2.1.33 






=ϕtan      3.2.1.34 
RLpWW af=           3.2.1.35 
Equation 3.2.1.35 represents the load-carrying capacity of the foil bearing.  
Finally the Simpson’s rule was employed for numerical integration to determine the load-




• Flow rate formulation 
As the shaft rotates, leakage flow exits the bearing from both sides. This flow must be made up 
by the suction of air into the bearing to account for proper operation. Normally in the case of oil 
lubricated bearings the supply feed hole is located at the midsection of the bearing. But in the 
case of compliant journal bearings, there does not exist any supply feed hole.  

















∫=         3.2.1.36 
 
subθ  Represents the point at which the pressure becomes sub ambient 
 













µµ        3.2.1.37 
 













































∫=        3.2.1.39 
 



































==        3.2.1.41 
 
The leakage in the bearing is contributed by the positive pressure profile developed in the 
bearing. The pressure gradient along the axial direction varies from high at the mid-section to 
















∫=        3.2.1.42 
 
Since the bearing does not have any feed holes at the mid plane, the leaked air has to be 
compensated for the continuous flow of lubricant. The suction occurs due to the negative profile 
developed in the pressure profiles. The flow is due to the pressure gradient from ambient at the 
















∫−=        3.2.1.43 
 
To show a mass conservation for the bearing the leakage flow and suction flow rates 
must be equal. The occurrences of subθ , which represent the sub-ambient pressure, varies along 
the axial direction. Hence an average value for the sub-ambient pressure avgsub _θ is obtained to 

















∫=        3.2.1.44 

















∫−=        3.2.1.45 
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−=  (Khonsari and Booser, 2001)    3.2.1.47 
 
 
θRx =           3.2.1.48 
 
 
































































































































3.2.3 Bearing Performance Parameters (FA) 
An accurate grid refinement study was carried out to determine the appropriate grid size. Based 
on the tabulated results as indicated in Table 3, 100 grid points along the circumferential 
direction and 20 grid points along the axial direction were chosen to run all the simulations. Grid 
sizes higher than this would increase computational time without much variation on the overall 
results. 
Table 3: Grid Refinement Study 
No of  Grid points       
θ  y  rε  fε  rW  fW  rφ  fφ  
Case 1       
50 10 0.3 0.3231 11.8044 11.9443 68.4325 68.3021 
100 20 0.3 0.3261 13.615 13.665 70.3127 70.2733 
120 20 0.3 0.3279 13.818 13.8722 70.4771 70.3979 
Case2       
50 10 0.7 0.8727 69.0906 72.1681 41.8896 39.6024 
100 20 0.7 0.8759 71.2918 73.3726 42.6598 39.9248 
120 20 0.7 0.8767 71.4898 73.5969 42.7529 40.8498 
 
Figure 10 represent the pressure profile comparison between a rigid bearing and first 
generation foil bearing whose properties are indicated in Table 1 (Peng, 2003). The operating 
speed is 30,000 rpm. The lubricant used is air whose properties are indicated in Table 2 (Peng, 
2003). Note that the rigid bearing of equal dimensions and same lubricant properties and 
operating speeds are assumed for comparison.  
The pressure profile for the foil bearing is spread over a larger area compared to its rigid 
bearing counterpart resulting in a greater load carrying capacity. Figure 11 represents the film 
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thickness profile comparison between a rigid bearing and compliant bearing. The overall film 
profile for a foil bearing spans over a greater area due to the deformation of the foils. The 
program converged to minimum film thickness equivalent to 11 µm ( , ) based on the 
load imposed condition. Attitude angle 
fhmin rhmin
fφ = 39
0 and that of rigid bearing rφ = 45.47
0 with a total 
load carrying capacity W =127 N.  These results are in agreement with experimental results 
reported by Strom (1987) and prediction by Peng and Khonsari, (2004) as indicated in Table 4.  
 
Figure 10: Pressure Profile Comparison at Mid Section of Bearing at 30,000 rpm 
The first generation type foil bearings is based on a bump layer foil sheet which is 
uniform in design and construction unlike the other generation designs which incorporate 
staggered bumps. Some also have split ends which account for tailoring the stiffness along the 
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axial direction of the bearing. Hence, in the current simulations for the first generation foil 
bearings, the film thickness is not a function in the axial direction, more over the variation is 
negligible. Consequently, the arithmetic mean pressure in the axial direction is used to calculate 
the deformation of the top foils (Peng and Khonsari, 2004).  Therefore, half of the geometry of 
the bearing along the axial direction was treated as the bearing is symmetric about its ends.  
Figures 12 and 13 represent the three dimensional plot of the hydrodynamic pressure 
distribution and film thickness profiles for the compliant journal bearing running at 30,000 rpm, 
respectively. The hydrodynamic pressure developed along the axial direction has a parabolic 
profile wherein the pressure is maximum at the mid-section or at the center of the bearing and 
the pressure becomes ambient at the ends of the bearing. The circumferential direction is 
reversed to show the sub ambient pressure. In general, the variation of film thickness is also 
parabolic along the axial direction, but the variation is negligible and can be assumed to be a 
constant as indicated in figure 13.  
Table 4: Finite Analysis Comparison with Experimental and Published Literature 
 RPM Load (N) fhmin  fε  
Exp (Strom,1987) 30,000 130 - - 
(Peng ,2004) 30,000 130 10.5 1.12 
Current Analysis 30,000 127 11 1.05 
 
Unlike the oil lubricated bearings in which there exists a supply feed hole for constant 
supply of leaked lubricant, for compliant journal bearings there does not exist a supply feed hole. 
Hence the leaked lubricant which is air has to be replenished for proper functionality of the 
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bearing. This is accomplished due to the sub-ambient pressure developed which results in suction 
of air to replace the leaked air and mixes with the recirculating lubricant.  
Table 5: Study of Variation of  subθ  Along the Axial Direction 
 
y  2 4 6 8 10 12 14 16 18 20 
subθ  194.4 198 198 201.6 201.6 201.6 201.6 205.2 205.2 205.2 
The leakage flow and suction flow of the bearing at different operating loading 
conditions were predicted to ensure and prove the conservation of mass holds. Table 5 presents 
the circumferential co-ordinate subθ  along the axial direction where the pressure reaches sub-
ambient. To predict accurate values of the leakage flow and suction flow involved in a bearing 
an average value avgsub _θ  was obtained. Finally, the flow rates of the bearing were calculated at 
different loading conditions and the equality between the flow rates is indicated in Table 6. 
Table 6: Flow Rate Study Based on Different Load Capacities, 30,000 rpm 
Load (N) fε  Qsuction m
3/min Qleak m3/min Qrecirc m3/min 
11.3 0.3229 0.0013 0.0019 0.0026 













Figure 12: Three Dimensional Pressure Distribution for a Foil Bearing at 30,000 rpm  
(θ  is reversed to indicate the sub-ambient pressure) 
 
Another important parameter is the bearing attitude angle. In general a lower attitude 
angle is known to contribute for better bearing stability. Figure 14 compares the attitude angle 
between a rigid bearing and a compliant journal bearing. From this plot, we can clearly see that 
the attitude angle for a compliant journal bearing is less at a given eccentricity compared to rigid 
journal bearing of similar dimension and operating conditions. 
Also, the load-carrying capacity of compliant journal bearings achieve a higher value at 
higher operating speeds when compared to rigid bearings with similar operating conditions and 
dimensions as indicated in  Figure 15. Extensive studies on the limiting load carrying capacity 














Figure 14: Attitude Angle Comparison with Variation of Eccentricity Ratio 
 
Figure 15: Load Carrying Capacity Comparison with Bearing Speeds 
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3.3 Modified Parabolic Approximation (MPA) 
3.3.1 Compressible Reynolds Equation with Modified Parabolic Approximation 
The finite Reynolds equation 3.2.1.10 can be tedious to solve for applications involving 
dynamic applications. The situation may be particularly complex in the case of foil bearings 
when the pressure distribution and the compliant structure must be accounted for.  
In general, in journal bearings the pressure distribution along the axial direction is 
parabolic. This can be seen from the finite simulation results presented in the last chapter (Fig. 
12). Hence, by making reasonable assumptions for the pressure distribution along the axial 
length of the bearing, it would be possible to convert the non-linear partial differential equation 
to an ordinary differential equation. This method could result in savings in computational time. 
This type of approach was successfully implemented for incompressible flows (Ettles and Shelly, 
1970). But there are no reports currently available for cases considering fluid compressibility. 
Hence, using a similar method to Ettles and Shelly (1970), we formulate a new set of equations 
and also propose a numerical methodology to solve the formulated equations. The results are 
validated using the finite bearings simulations.  




























































µµ      3.3.1.1 






































































           3.3.1.2 
Simplifying yields: 





















































































           3.3.1.3 
Assuming an Isothermal and isoviscous case where 1=T , µ = 1 
Equation Reduces to  





































































ωµ represents the compressibility number or the bearing number. 
Substituting ( ) ( )κθ ypyp l −= 1,  in equation 3.3.1.4    3.3.1.5 






























































           3.3.1.6 
Simplifying yields: 
( ) ( ) ( ) ( ) ( ) ( )







































































































               3.3.1.7 
Equation 3.3.1.7 has to be integrated twice along the axial direction with appropriate boundary 
conditions. The film thickness is considered to be constant along the axial direction as the 
variation is negligible. 
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Integrate 3.3.1.7 once along axial direction ( )y  

































































































  3.3.1.8 
where 









4223 1121212 yyyyyyy     3.3.1.9 









              3.3.1.10 


























































































   
           3.3.1.11 
where  
( ) ( ) ( ) ( )






















             3.3.1.13 
The constants and  are evaluated with the following boundary conditions: 1C 2C
lppy == ,0          3.3.1.14 
 
0,1 == py          3.3.1.15 
 
where ( )κypp l −= 1 . 
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⎛= ]         3.3.1.16 
 
Using 3.3.1.15    
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where 
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           3.3.1.20 
Substituting the constants in 3.3.1.11 
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           3.3.1.21 
Rearranging the terms and simplifying: 
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           3.3.1.21 
[ ] [ ] ( )( )
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          3.3.1.27 
( )






















































































































4          3.3.1.33 
 
This represents the final modified parabolic form of the finite Reynolds equation which is an 
ordinary differential equation.  
3.3.2 Numerical Procedure (MPA) 













































































































































           3.3.2.1 
Divide by 3h  








































































































































Equation 3.3.2.2 will be solved iteratively by using tridiagonal approximation method (Ferziger 
et al., 2002, Gerald et al., 2002, Patankar, 1980) with all the non-linear terms on to the RHS and 





















































































































































































































































































































































































Setting up in tridiagonal form: 




















































































































































































































           3.3.2.5 
The solution begins by evaluating the R.H.S of the equation 3.3.2.5 by an initial mid 
section guess pressure ,inlp  by solving for an incompressible bearing with an assumed rigid 
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bearing eccentricity ratio rε  and an initial guess for the film thickness ih  and parabolic 
exponentκ . This is done iteratively until the pressure converge for a given film thickness and 
parabolic exponent. Convergence is assumed when the relative error between two successive 
iterations fall below a specified value. One hundred finite difference grid points along the 
circumferential direction is used.  
The pressure obtained in this fashion represents the pressure at the mid section of the 
bearing. This pressure is substituted in ( ) ( )κθ ypyp l −= 1,  to determine the pressure 
distribution along the axial length of the bearing. Thus the final pressure p  represents the 
pressure along the circumferential and axial direction of the bearing. The mid- section pressure 
profile lp  can be controlled by the variation of the parabolic exponentκ , which in turn changes 
the entire pressure distribution for the bearing. A series of parametric study to characterize the 
behavior of the exponent was simulated. This is explained in detail in the next section.  
The next part is to couple the hydrodynamic pressure and the foil structural compliance 
which has a direct effect on the overall behavior of the fluid film profile. This is incorporated in 
an iterative scheme. Recalling equation (3.1.1.13), the film thickness fh  is a function of 
dimensionless pressure. As the top and bump foils deform due to the pressure, the shaft moves in 
the direction where there is maximum deformation (Fig 5) and hence there is a significant 
change in the eccentricity ratio fε  and attitude angle fφ  which further changes the overall 
profile of the film thickness. This is not accounted for in the equation (3.1.1.13). To account for 
this the modified form of the film thickness equation is: 
)()cos(1 ifif lph αϕθε +∆−+=         3.3.2.6 
εεε ∆+= rf  (Peng and Khonsari, 2004)       3.3.2.7 
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where fε  is determined by bisection method by assuming the minimum film thickness  in a 




ϕ∆  represents the difference in attitude angle for a rigid bearing rφ  and compliant bearing 
fφ . The effect of the hydrodynamic pressure on the film thickness profile was obtained by 
employing the method of under relaxation. It was very important to have a good initial profile for 
the pressure as this has a direct effect on the fluid film geometry. The final film thickness is 






lph αϕθε +∆−+=+       3.3.2.8 







hhh αα −+= ++ 111        3.3.2.9 
where rhα  represents the under-relaxation factor for the fluid film and  represents the iteration 
number. Typically 
n
rhα  varies from 0.5 – 0.8 based on the eccentricity ratios and operating 
speeds.  
• Load Carrying Capacity 
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=      3.3.2.12 
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22
zxf WWW += ,  also RLp
WW
a
f =       






=ϕtan      3.3.2.13  
RLpWW af=           3.3.2.14 
Equation 3.3.2.14 represents the load-carrying capacity of the bearing.  
3.3.3 Bearing Performance Parameters (MPA) 
3.3.3.1 Rigid Journal Bearing 
To understand the behavior of the parabolic exponentκ , first a series of simulations were run 
using a full Reynolds equation (finite analysis) at different eccentricity ratio and the bearing 
 
Figure 16: Pressure Profile Match by Varying the Parabolic Exponent Along the 
Circumferential Direction 
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performance parameters were obtained. Next, using the modified approach and with a guess 
value for parabolic exponent rκ  , simulations were run for a given eccentricity ratio  and the 
bearing performance parameters were compared with the solutions obtained from the finite 
approximation.  
Figure 16 represents the bearing mid-section pressure profile comparison between finite 
analysis and the new modified parabolic approximation for a bearing running at 30,000 rpm and 
at an eccentricity ratio rε =0.5 .The pressure profile obtained through the modified approach is in 
good agreement with the one obtained from finite analysis along the circumferential direction. 
Further the exponent value rκ  was varied such that the pressure profile matches at various 
chosen sections along the circumferential direction for the bearing running at 30,000 rpm and at 
an eccentricity ratio rε =0.5. Figure 17 represents this understanding for two types of eccentricity 
ratios, from which it can be seen that the parabolic exponent rκ reaches a higher value for the 
peak pressure.  
θ























Figure 17: Variation of Exponent along the Circumferential Direction 
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The main goal was to obtain the bearing performance parameters using the current method and  
 
compare the results with the finite approximation. Hence, we further investigate different cases  
 
to evaluate the performance parameters. 
 
• Case 1: Peak Pressure Match Condition.  (Trial Investigation Case) 
In this case the peak pressure from the finite analysis for a given eccentricity is considered and 
modified simulations for the same eccentricity are run by varying the parabolic exponent rκ  to 
match the peak pressure of the profile obtained through the modified approach. The program 
converged once the pressure profile lp  at the peak was matched with the peak obtained by finite 
analysis. This pressure represents the pressure at the mid-section of the bearing and is substituted 
in equation ( ) ( )rypyp l κθ −= 1,  to obtain the pressure distribution for the complete bearing 
which represents the pressure along the circumferential direction as well as the axial direction. 
 
Figure 18: Pressure Profile comparison between Finite and Modified Approximation at the 




Figure 18 represents a case where the bearing is running at 30,000 rpm and at an 
eccentricity ratio rε = 0.7. To match the finite approximation peak pressure, the parabolic 
exponent was obtained by bisection method at value of 3.5. Further the bearing performance 
parameters which included the load-carrying capacity (Fig 19) and attitude angle (Fig 20) were 
obtained.  A range of eccentricities were run to determine the behavior of the parabolic exponent 
rκ  (Fig 21).  
It was interesting to see that with lower eccentricity ratios, the bearing performance 
parameters were comparable with the finite approximations, but at higher eccentricity ratios the 
deviation in the performance parameters was significant. The pressure profile at the mid section 
seemed to grow thinner at higher eccentricity ratios which resulted in variation of the bearing  
Eccentricity Ratio εr














Figure 19: Load Comparison between Finite and Modified Approximation with Fixed 









Figure 20: Attitude Angle Comparison between Finite and Modified Approximation          















performance parameters. Also the value of the parabolic exponent increases as the eccentricity 
ratios reach higher values (Fig 21). 
Eccentricity Ratio εr



















5.50 Variation of Parabolic Exponent With Fixed Eccentricity Ratio (L/D=1)
Peak Match Case
 
Figure 21: Parametric Study of Parabolic Exponent. (Peak Pressure Match, L/D =1) 
The peak pressure match is considered as an investigation process to better understand the 
behavior of the parabolic exponent rκ . Based on the final performance parameters, it clearly 
indicates the deviations are high when compared with finite analysis results.  
• Case 2: Load Imposed condition  
Instead of matching the peak pressure from the finite solution at a given eccentricity, the final 
load-carrying capacity was considered as the main target to match from the modified 
simulations run. The variable parabolic exponent  rκ  was obtained iteratively when the final 
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load-carrying capacity was matched with the corresponding load-carrying capacity from the 
finite solution.   
First the bearing mid-section pressure lp  for a given eccentricity was obtained by 
assuming a guess value for the parabolic exponent rκ . Then, the pressure profile lp  was 
substituted in eqn ( ) ( )rypyp l κθ −= 1,  to obtain the pressure distribution along the 
circumferential and axial direction of the bearing. This profile was numerically integrated 
using Simpson’s rule to obtain the final load-carrying capacity. As mentioned earlier, the 
entire process was solved iteratively to target the final load-carrying capacity and finally the  
 
Figure 22: Pressure Profile Comparison between Finite and Modified Approximation at 
Mid Section of Bearing. (Load Imposed Condition) 
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modified parabolic exponent rκ was obtained. Figure 22 represents the comparison of the 
pressure profile lp  at the mid-section of the bearing between the finite analysis and modified 
approximation running at 30,000 rpm with an eccentricity ratio rε = 0.5. 
 The modified parabolic exponent  rκ  was obtained when the load-carrying capacity (Fig 
23) between the two methods matched. A series of simulations were run and comparisons at 
range of loads obtained at different eccentricity ratios were made to study the behavior of the 
parabolic exponent rκ (Fig 25). The attitude angle comparison (Fig 24) revealed a comparable 
agreement for range of load conditions imposed.  
Eccentricity Ratio, εr
















Figure 23: Load Comparison between Finite and Modified Approximation 
















Figure 24: Attitude Angle Comparison between Finite and Modified Approximation  
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3.00 Variation of Parabolic Exponent (30,000 rpm)
 
Figure 25: Parametric Study of Parabolic Exponent (Load Imposed Condition, L/D=1) 
 
• Generalization for rigid bearing based on load imposed condition 
 
Considering the equation 3.3.1.29: 
 
 


































































The key non-dimensional parameters are as follows: 
 
1. Bearing Length to Diameter ratio  ,  D
L     3.3.3.1.1 
 
2. Eccentricity ratio   , rε     3.3.3.1.2 
 











ωµ   3.3.3.1.3 
Based on these key non-dimensional parameters the non-dimensional load capacity W  and 
parabolic exponent kappa rκ  can be obtained.  
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 A series of simulations were run initially based on the finite analysis to obtain the bearing 
performance parameters for various range of operating speeds (10,000, 20,000 and 30,000 rpm) 
and eccentricity ratios by fixing the bearing length to diameter ratio ( )DL  to one. With similar 
conditions using the modified parabolic approach simulations were run to match the load-
carrying capacity obtained by the finite analysis. The end result was based on developing a set of 
charts based on the simulations run (Fig 26) which indicates non-dimensional load W  versus the 
eccentricity ratio rε  at various bearing numbers Λ . Figure 27 represents the average value of the 
parabolic exponent obtained for various speeds. With these charts for a given bearing number 
and non-dimensional load, the appropriate parabolic exponent can be obtained for a suitable 
eccentricity ratio. 
Eccentricity Ratio εr















Figure 26: Rigid Bearing Non-Dimensional Load Chart (L/D=1) 
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Eccentricity Ratio εr

























Parabolic Exponent Chart 
 (Rigid Bearing, L/D=1)
 
Figure 27: Rigid Bearing Parabolic Exponent Chart (L/D=1) 
 
• Example to use the rigid bearing non-dimensional charts (Fig 26 and Fig 27) 
 
To predict the performance parameters for a  given non-dimensional load W =0.5 and 
bearing number  = 0.5 requires a  three step process as indicated below: Λ
1. Using Figure 26 for the given conditions i.e. W =0.5 and Λ =0.5, determine the 
eccentricity ratio. The result is : 58.0=rε . 
2. Using Figure 27 for a eccentricity ratio of 58.0=rε , determine the mean parabolic 
exponent. The result is : 7.1=rmκ  
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3. The eccentricity ratio rε , mean parabolic exponent rmκ  along with the given non-
dimensional bearing number Λ  should be substituted in equation 3.3.1.29 and 
solved numerically to obtain the pressure profiles and other bearing parameters. 
3.3.3.2 Compliant Journal Bearing  
 
The application of the MPA method to obtain the solution for compliant journal bearings has to 
be carefully considered since the hydrodynamic pressure developed interacts with the fluid film 
thickness. Hence, certain important assumptions were made in obtaining the solution for 
compliant journal bearings.  
Assumptions: 
• The minimum film thickness value obtained for a given eccentricity ratio for a rigid gas 
bearing rhmin  is used as a final convergence target to obtain the final solution for 
compliant journal bearings. In other words the program converges when fhmin = rhmin . 
• The final solution obtained through the MPA method will be based on matching the 
minimum film thickness and appropriate load-capacity values obtained by Finite 
Analysis. 
 
To understand the behavior of the parabolic exponent  fκ  for compliant journal bearings, a 
series of simulations was run using the full Reynolds equation (Finite Analysis) at different 
eccentricity ratios and the bearing performance parameters were obtained. Using the modified 
approach and with a guess value for parabolic exponent fκ  , simulations were run to match the 
minimum film thickness and were compared with the solutions obtained from the finite analysis.  
Figures 28 and 29 represents the pressure profile comparison and film thickness profile 
respectively between the finite analysis and modified approximation at the mid-section of the 
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bearing running at 30,000 rpm with an eccentricity ratio rε = 0.7. These profiles were obtained 
by varying the eccentricity ratio using the bisection method to match the minimum film thickness 
value at the given eccentricity ratio obtained by finite analysis. The program converged when the  
 
Figure 28: Pressure Profile Comparison between Finite and Modified Approximation at 
Mid Section of bearing at 30,000 rpm. (Foil Bearing / Min Film Match) 
 
minimum film thickness of the bearing matched with the minimum film thickness obtained by 
finite analysis.  
 Figure 30 represents the load comparison between the finite and the modified 
approximation for a range of eccentricity ratios. Since the main condition here was based on 
matching the minimum film, the load capacity varies slightly at higher eccentricity ratios. The 
attitude angles comparisons can be seen from figure 31, indicates acceptable values over a range 
of eccentricity ratios. Figures 32 and 33 represent the three dimensional plot obtained by 
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modified approach and finite approach for a bearing running at 30,000 rpm and eccentricity ratio 
rε =0.7. Finally the variation of the parabolic exponent  fκ  for a range of eccentricities is 
indicated in figure 34. The exponent fκ  reaches a higher value as the eccentricity ratios 
increase. The analysis carried out for compliant journal bearings was only for a certain operating 
speed of 30,000 rpm and a range of eccentricity ratios for a fixed bearing length to diameter ratio 
equivalent to one. Further study has to be carried out based on different bearing numbers and 
length to diameter ratios to generalize the parabolic exponent fκ  based on the key non-
dimensional operating parameters.  
 
Figure 29: Film Thickness Profile Comparison between Finite & Modified Approximation 
at 30,000 rpm. (Foil Bearing / Min Film Match) 
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Eccentricity Ratio εf

















Figure 30: Load Comparison between Finite and Modified Approximation  




 Figure 31: Attitude Angle Comparison   













Figure 32: Three Dimensional Pressure Distribution for Foil Bearing at 30,000 rpm based 


























Figure 33: Three Dimensional Pressure Distribution for Foil Bearing at 30,000 rpm based 
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Chapter 4. Conclusions  
 
The current needs of the aerospace rotating machinery, energy efficient turbines and other vital 
ratating machinery are pushing the envelope of the existing knowledge in design and 
development, of particular importance are bearings that operate at exceedingly high speeds and 
temperature. To this end, compliant journal bearings are known to play a crucial role in 
providing these requirements.  Hence, it is very important to understand their fundamental 
operating characteristics and limitations to assist designers and manufacturers. 
 This thesis presents a mathematical model for compliant journal bearings based on 
“Classical Reynolds” equation (Khonsari and Booser, 2001). This non-linear equation is solved 
numerically first by infinitely long approximation to understand and predict the bearing 
performance parameters. The results obtained based on this approximation are in agreement with 
experimental results of Strom, 1987.  
A finite analysis based on the methodology developed by Peng and Khonsari, 2004 is used to 
predict the bearing performance parameters. The results obtained based on finite analysis are in 
agreement with experimental results of Strom, 1987 and predicted results by Peng and Khonsari, 
(2004). 
Based on an assumption regarding the pressure, along the axial direction the Classical 
Reynolds equation (a partial differential equation) is converted to an Ordinary Differential 
Equation. The new sets of equations are much simpler to solve numerically using the Modified 
Parabolic Approximation proposed in this thesis to predict the bearing performance parameters 
for rigid journal bearings and compliant journal bearings.  The results obtained are in agreement 
with the finite analysis.  
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A set of non-dimensional charts for rigid journal bearing is proposed based on the key non-
dimensional parameters which are the bearing length to diameter ratio, eccentricity ratio and 
bearing number.  These charts provide the non-dimensional load obtained at various bearing 
numbers and a range of eccentricity ratios with the corresponding exponent needed for the MPA 
analysis. The utility of this approach is for computing the dynamic characteristics of compliant 
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pl represents the center line pressure and h does not vary in the axial direction and  both are  
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The Boundary Conditions are evaluated: 
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